Theor Appl Genet (2001) 102:1113-1122

© Springer-Verlag 2001

J. Jansen - A.G. deJong - J.W. van Oaijen

Constructing dense genetic linkage maps

Received: 1 June 2000 / Accepted: 21 September 2000

Abstract This paper describes a novel combination of
techniques for the construction of dense genetic linkage
maps. The construction of such maps is hampered by the
occurrence of even small proportions of typing errors.
Simulated annealing is used to obtain the best map ac-
cording to the optimality criterion: the likelihood or the
total number of recombination events. Spatial sampling
of markersis used to obtain a framework map. The con-
struction of a framework map is essential if the steps
used for simulated annealing are required to be simple.
For missing-data imputation the Gibbs sampler is used.
Map construction using simulated annealing and miss-
ing-data imputation are used in an iterative way. In order
to obtain some measure of precision of the genetic link-
age map obtained, the Metropolis-Hastings algorithm is
used to obtain posterior intervals for the positions of
markers. The process of map construction is embedded
in a framework of pre-mapping and post-mapping diag-
nostics. The techniques described are illustrated using a
practical application.

Keywords Genetic linkage maps - Simulated annealing -
Gibbs sampling - Metropolis-Hastings algorithm -
Mapping diagnostics - Maximum likelihood -
Missing-value imputation

Introduction

Genetic linkage maps play a prominent role in many ar-
eas of genetics, e.g. QTL analysis and map-based clon-
ing of genes. They are also important for marker-assisted
breeding. In order to obtain dense genetic linkage maps,
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increasing numbers of molecular genetic markers are
typed in many plant species. Currently, the numbers may
vary between 1,000 and 2,000 for a whole genome, but
larger numbers are expected from new technologies. To
cope with these large numbers, powerful methods for
map construction are required. Increasing numbers of
markers inevitably lead to problems. For dense maps,
typing errors lead to unexpected crossovers resulting in
large increases of map lengths (Lincoln and Lander
1992). In practice, also non-random typing errors, other
laboratory errors and missing observations occur with
unforeseen conseguences. In these situations the Join-
Map algorithm (Stam et al. 1993), based on sequential
addition of markers in a systematic way in combination
with a computationally demanding optimality criterion,
requires large amounts of computer time.

Besides new algorithms, tools are required for estab-
lishing the quality of the data and the maps produced. In
any mapping program the algorithms for constructing
maps should be accompanied by such tools.

In this paper we introduce an algorithm for construct-
ing dense genetic linkage maps based on simulated an-
nealing (Kirkpatrick et al. 1983). In the past simulated
annealing has been used extensively for the construction
of genetic linkage maps (Lander and Green 1987; Weeks
and Lange 1987; Falk 1992). The power of simulated an-
nealing liesin its simplicity. The algorithm considered in
this paper consists of simple steps involving only one
marker. Furthermore, al steps are computationally
equivalent. A mgjor problem with the use of simulated
annealing in its simple form is that one linkage group
may be divided into two or more groups. This problem is
encountered often in situations with dense maps with
markers containing typing errors. The problem can be
overcome by considering more complex steps, e.g. mov-
ing blocks of markers or changing the direction of blocks
of markers. The problem can also be avoided by apply-
ing a two-stage approach still based on simple steps. In
the first stage, a framework map is constructed using a
small set of selected markers. This map is then used as
the basis for the construction of a map for all markers.
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Missing observations occur in al mapping data
Missing data are dealt with in two stages. Once a map
has been obtained further information is available for
missing-data imputation. Missing-data imputation is
carried out using the EM agorithm, which requires the
calculation of conditional expectations. As missing data
may occur in a multitude of patterns, the Gibbs sampler
provides a ssimple Monte Carlo implementation of the
EM algorithm. An iterative procedure involving the al-
ternate use of simulated annealing and Gibbs sampling
is employed. Finally, the Metropolis-Hastings algorithm
is used to obtain a set of maps that are not optimal but
plausible with regard to the variation in the data. Graph-
ical representations of these plausible maps can gauge
the resolution and quality of the map produced. They
can also be used to identify whether optimization was
successful. A worked application involving a doubled-
haploid population of Brassica napus is employed to il-
lustrate the methods developed in this paper and to
develop a system for the analysis of large sets of
molecular marker data in the context of genetic linkage

maps.

Materials and method
Data and model

In this paper we will consider populations of a diploid species,
where for all segregating loci only two genotypes occur. One ex-
ample is the backcross population [(ab=aaxbb)xaa] with possible
genotypes aa and ab. The methods developed in this paper can
also be used for (doubled) haploid populations, and as an approxi-
mation to families of recombinant inbred lines (RILS). The data
consist of observations on N individuals that are typed for M bina-
ry molecular genetic markers. For individual n the marker data
will be represented by (Y1, Y2 - Yaw), Wherey, =0 if for individ-
ual n the genotype of marker mis aa, and y,,,,=1 if for individual n
the genotype of marker mis ab. In practice, the data may contain
many missing observations. First, we will assume that all data are
present. Typing errors also occur.

For the purpose of this paper we consider pairs of markers. For
a pair of markers a backcross may be written as a;b;/a,b,x
a,a,/a,8,. The genotypes that may be produced in this cross are
ua /an,, abi/ah,, a\bi/aa, and aja/ab, with probabilities
(1-r)/2, (1-r)/2, r/2 and r/2, respectively, where r denotes the re-
combination frequency. If r=0, only genotypes a;a,/a,a,, b;b,/b,b,

occur, each with a probability of % In this case the two markers
lie on the same position. If r:%, all four genotypes occur with an
equal probability of % In this case the two markers are a long-

distance apart, possibly on different chromosomes.
The maximum-likelihood estimate T of the recombination fre-
quency r isgiven by:

R
N ’
in which R is the number of individuals for which y,;2y,, (n=1,
2..N).

In general, a genetic linkage map based on M molecular genet-
ic markers, consists of G straight lines. Each of these straight lines
corresponds with a linkage group. Ideally, the number of linkage
groups is equal to the number of chromosomes, but in practice it
may be smaller or larger. For a particular linkage group the line
starts with a marker on the first position at one end of a linkage
group (or chromosome) and ends with a marker on the other end.

F=

Table 1 Genotype probabilities and observations in the case of
three loci

Genotype Probability Observation
/38,853, ayby/ayb,/agh, (1~12)(1~23) Yoo
a,a,/a,a,/a5h; a,by/ab,lazag (A1 19)rog Yo
aqa/ablah; ab/aalaza; rip(1-rys) Y10
ay,ay/ab,laza, ayb,/aalazh, Iof o3 1

The number of markers in linkage group ¢ will be denoted by
G
my (9=1, 2.... G), so that zlmg =M.
g:
The mapping problem consists of two separate problems:

(1) the division of M genetic markersinto G linkage groups, where
the number G has to be determined from the data;

(2) the ordering and positioning of G groups of m;, m, ... mg
markers, respectively.

G
The total number of potential marker orders is equal to Zl% my!,
o=

which may be incredibly large. In the case where we have 1,000
markers divided into ten linkage groups of 100 markers each, the
total number of marker orders is equal to 4.7x10%%8, In this paper
we will only consider the second problem: the ordering and posi-
tioning of markers within linkage groups.

Suppose that for a particular linkage group of size three we
have markers assigned to positions 1, 2 and 3. In this case the
backcross population consists of eight possible genotypes. If we
assume that the occurrence of recombination in one interval isin-
dependent of the occurrence of recombinations in other intervals,
the probabilities of eight genotypes are given in Table 1.

In Table 1, ry, and r,; are the recombination probabilities be-
tween the markers on positions 1 and 2, and 2 and 3, respectively.
Furthermore, Y,; denotes the number of individuals with a recom-
bination between positions 1 and 2, and between positions 2 and
3; Yo denotes the number of individuals with recombination be-
tween positions 1 and 2 only; Yy, denotes the number of individu-
als with recombination between positions 2 and 3 only; Yy, de-
notes the number of individuals with neither recombination be-
tween positions 1 and 2 nor between positions 2 and 3.

The likelihood corresponding with this marker order is

— N! N- N-

= Yoo Yo Yio Vil M2 (L=1,) " T g (1= 1)V,
where R;,=Y35+Yy; and Ry3=Yy,+Yy; are the number of individuals
with a recombination between positions 1 and 2, and 2 and 3, re-
spectively. In the case the three markers are unlinked the likeli-
hood reads

_ N! 12N
o= Yool Yo Yio! Vit 2

The likelihood ratio A=L/L, will be used as one criterion for find-
ing the mapping order. In general, the maximum value of the like-
lihood ratio is equal to

)N_Rn.pﬂ)

in which P is the number of positions, i.e. markers, in the linkage
group. In order to evaluate different mapping orders we only need
to know the numbers of recombinant individuals for all pairs of
markers.

For dense maps the maximum value of the likelihood ratio
may be approximated by

P-1

A = 2(P-DNg pz:lR"'p”,

A = 2(P-DN N-N st RopiN - R
pZ:l Rp,p+1

p.p+l

i.e. for dense maps finding the map with the largest likelihood ra-
tio is approximately equivalent to finding the map with the small-
est total number of recombination events. The total number of re-



combination events will be used as an alternative to the likelihood
ratio. It is computationally much simpler, as it does not require ex-
tensive calculation of logarithms.

Searching the best map using simulated annealing

The algorithm that will be described starts from a map on which
the markers are placed in random order. From this starting map,
anew map is obtained by taking the marker from position s (=1,
2 ... P) and putting it between the markers on positions t (=0,
1, 2 ... P; t#zs-1, ) and t+1. The likelihood ratio corresponding
with the step described aboveis given by

Nsaisn o Nugg/Nsen
Ns-q9/\ 31541 Nigieeg

i ; - " N=Rugy
in which Apgy =Ry y R IH(N —RU]M) , and u and v are
two positions on the chromosomes.

The new map will be accepted if

elly >U,

where /=In(LR), y is the acceptance control parameter (y >0) and
U is drawn at random from the standard uniform distribution. As a
consequence if /=0 the new map is always accepted, but if /<0 the
new map is accepted with a probability which decreases with the
value of ¢. The parameter y is used to control the acceptance of
steps with negative values of /. To be able to get around local op-
tima, steps with negative values of ¢ are sometimes allowed.

The acceptance control parameter y is set to afixed valuein a
series of Ssuccessive steps, which is called a chain. The annealing
algorithm runs through C+1 of such chains for which y=y2..2 ).
If y becomes close to zero only steps with positive values of ¢ will
be accepted.

Chain 0O is used to determine the value of ;. The probability
that a step is accepted while (<0 is equal to p=e’v, which itself isa
random variable. The expectation rrof p isequal to

= E[e/v|¢ <0] = eEl=<aly,

where E[¢|(<0] is the expectation of negative outcomes of /7. It
follows that

y=E[¢]¢<0]/In(7).

In chain O, every step is accepted by setting y, to alarge value.
The parameter y; is set equal to /_/In(7g), where /_is the average
of the negative values of ¢ encountered in chain 0 and 15 istheini-
tial acceptance probability of upward steps. A simple formula to
govern the decrease of yas the optimisation progresses s given by

LR=

Ve = 1o+ (€12...0),

in which a, the cooling control parameter, is a positive constant.
Optimisation is halted, if in a number of successive chains no im-
provement of the likelihood criterion is found. One of the failures
of map construction using simulated annealing is that it may split
up linkage groups into two or more "unlinked” fragments. Inspec-
tion of the resulting linkage map usually indicates that these frag-
ments are unlinked because they have been put in the wrong direc-
tion. Thisis due to the fact that only simple steps are used in the
annealing procedure.

To overcome this fragmenting problem optimisation is carried
out in two-stages. In the first stage a map is obtained for a small
number of markers. This map will be used as the framework map
on which all markers will be placed. This is the second stage of
the optimisation procedure.

Selection of markers for the first stage of the optimisation pro-
cedure is based on the assumption that markers of one linkage
group lie approximately on a straight line. Selection of markersis
carried out in the following way. The parameter r,, which will be
called the selection radius, plays a crucial role in the selection pro-
cess. We take one marker at random (marker S;). All markers with
a recombination frequency smaller than r, with marker S; are de-
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leted from the whole set of markers and put in the set D,. From the
remaining markers we again take one marker at random (marker
S,)). All markers with a recombination frequency smaller than the
value ry with marker S, are deleted from the remaining set of
markers and put in the set D,. The sampling process is continued
until no markers are left.

Subsequently, amap is obtained for the selected markers S;, S, -
using simulated annealing. In the case where the whole set con-
tains 100 markers and the set of selected markers contains ten
markers the size of the optimization problem is reduced consider-
ably: the number of possible marker orders is reduced from
4.7x10157 to 1.8x106, Furthermore, typing errors will have less ef-
fect on the resulting marker order. The procedure is continued by
putting the markersin set D, close to marker S;, the markers in set
D, close to marker S,, and so on. The linkage map obtained in this
way provides a good starting point for further optimisation. Simu-
lated annealing is used to find the optimal ordering for the whole
set of markers. It may be expected that only local exchanges of
markers will improve the optimisation criterion. To avoid excur-
sions over long distances the acceptance control parameter y is
given asmall value.

Missing data imputation

The above derivation of the likelihood ratio and the subsequent
development of simulated annealing, requires that all marker
observations are present. In practice thisis hardly ever the case.
Instead of the likelihood ratio we use the following approxima-
tion

A = 2(P-DN NN EE[Rp,pﬂ]

where E[R, ;] denotes the conditional expectation of R, ,; given
the map an and all available data.

Initially, no map is available. Suppose for the markers at posi-
tions p and p+1, pairs of observations are present on N, individu-
asand R, individuals show arecombination. In that case we take

E:[Rp,p+l] =R +%(N _Na)'

In the above formula missing data are replaced with 0 or 1 with
equal probability. The recombination coefficient is estimated by

i - = RP,P+1
p.p+l N

A direct conseguence of the above approach is that if markers
have many missing observations their recombination frequencies
with other markers will be considerably inflated.

If for an individual the observation of the marker on position p
is missing, it is not possible to say whether a recombination oc-
curred between the marker on positions p—1 and p, and the mark-
ers on position p and p+1. However, if the recombination coeffi-
cientsry , , and r, .., are known, it is possible to calculate condi-
tional probabilitiesfor the occurrence of recombination.

Given that the markers on positions p—1 and p+1 are not re-
combinant, then either the markers on positions p—1 and p are not
recombinant and also the markers on positions p and p+1 are not
recombinant, or the markers on positions p—1 and p are recombi-
nant and also the markers on positions p and p+1 are recombinant.

The conditional probabilities are given by

(1_ Mp-1, p)(l_ rp,p+1)
(1_ Mp-1, p)(l ~p p+1) +loaplppu

and d;;=1—, respectively. If the recombination coefficientsr,_
andry ., aresmal, say 0.01, qy, is practically zero.

Given that the markers on positions p—1 and p+1 are recombi-
nant, then either the markers on positions p—1 and p are recombi-
nant but the markers on positions p and p+1 are not recombinant,
or the markers on positions p—1 and p are not recombinant but the
markers on positions p and p+1 are recombinant.

E[ Ro, P*l] (1_ E[ Rp p+1])N_E[ Rp, p+1] :

Ooo =

p-1p
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The corresponding conditional probabilities are given by

rp—Lp(l_ p, p+l)
otoll = Topua) (1= Tptp)Fopa
and gy, =1-q,,, respectively. The above approach is the simplest
case of three-point linkage analysis, which is often used in more
complex situations, e.g. full-sib families of outcrossing species
(Ridout et al. 1998).

In practice, it may not be possible to carry out missing-data
imputation in the above described way, because observations on
neighbouring markers may also be missing. The above condi-
tional probabilities can be used to calculate the conditional ex-
pectation of all pairwise numbers of recombinants using the
Gibbs sampler. We may start from any ‘completed’ data matrix.
Such a matrix can be obtained initially by replacing miss-

ing observations with zero or one with a probability of L Then

we take the missing observations in random order, one at a time,
and replace its current value with a zero or a one using the above
conditional probabilities. For example, if the observations on the
flanking markers are both equal to one, the value of the missing
observations becomes one with a probability of q,,, and zero with
aprobability of qy;.

Using the above approach we may generate along sequence of
‘completed’ data matrices with corresponding matrices of the
number of recombinants. Successive matrices of recombination
coefficients are highly dependent. Consequently, a long sequence
of matrices have to be generated from which a sample is taken to
calculate a new average matrix of recombination coefficients. This
‘averaging' coincides with the M-step of an EM algorithm. The
new average can be used to refine the previously obtained map
and to calculate new conditional probabilities (E-step). This pro-
cess can be repeated until no further improvement of the likeli-
hood is obtained.

The above approach using the Gibbs sampler is the simplest
case of multi-point linkage analysis. It should be noted that esti-
mates of pairwise recombination fractions are only consistent if
the mapping order used is the true order.

Gho =

Combining simulated annealing and Gibbs sampling

Map construction using simulated annealing and missing-data im-
putation with the Gibbs sampler are combined in the following

way.

(1) Obtain an initial matrix of the expected number of recombi-
nants;

(2) select markers using the spatial sampling approach;

(3) construct a framework map for the selected markers using the
initial matrix of the expected numbers of recombinants by em-
ploying simulated annealing;

(4) construct an initial map for all markers using the framework
map for selected markers;

(5) construct a map for all markers using the initial matrix of
expected numbers of recombinants by simulated annealing;

(6) obtain with the Gibbs sampler a new matrix of expected num-
bers based on information from the map obtained in (5);

(7) construct a new map for al markers using the improved matrix
of expected numbers of recombinants obtained in (6) using simu-
|ated annealing.

Steps (6) and (7) may be continued until no further progress is
obtained. In our experience three or four iterations are adequate.

Posterior intervals

Mapping experiments usually result in one map, which is present-
ed without any measure of uncertainty. The Metropolis-Hastings
agorithm may be used to obtain a set of maps which, although
not optimal, are plausible with regard to the variation in the data.
Our approach starts from the best map obtained and the associated

matrix of expected numbers of recombinations between markers.
The set of plausible maps is obtained by using the simple steps as
defined for simulated annealing, i.e. replacing one marker at a
time. A new map is accepted if

e>U,

in which /=In(LR) as defined before, and U is drawn at random
from the standard uniform distribution. This process allows limit-
ed excursions from the optimal map. Successive maps obtained in
this way are very similar. Therefore, after a burn-in period, the se-
ries of maps is sampled at regular intervals to reduce the depen-
dence between maps. In our current applications, we use a burn-in
period of 1,000,000 steps. Then 1,000 samples are drawn at inter-
vals of 1,000 maps.

The sampled maps are used to construct posterior intervals, i.e.
for each marker we record the position numbers encountered in
the sample of plausible maps. As a summary, these position num-
bers, which will be called plausible positions, are plotted against
the position number on the best map.

Results

The example employed is concerned with a DH popula-
tion of oilseed rape (Brassica napus). The data were ob-
tained from 91 individuals which were characterised by
83 binary markers constituting one linkage group. Some
details of the data are given in Fig. 1.

With a few exceptions the percentage of missing ob-
servations is smaller than five, both for markers and in-
dividuals. The total nhumber of missing observations is
equal to 129 (1.7%). For a number of markers the segre-
gation ratio differs clearly from 0.5: one parental haplo-
type prevails over the other parental haplotype. With re-
gard to the linkage group under study, 11 individuals are
non-recombinant: eight individuals consist entirely of
one parental haplotype, whereas only three individuals
consist entirely of the other parental haplotype. The ex-
pected number of non-recombinant individuals depends
primarily on the length of the linkage group. As an
example, in the case we consider, a 100-cM linkage
group of a back-cross or doubled-haploid population
with markers at 1-cM intervals, the proportion of
non-recombinant individuals is approximately equa to
e1=0.37.

In this example, the initial matrix of expected num-
bers of recombinants does not contain zeros;, values
range between 0.5 (i.e. information on one pair of indi-
viduals missing and all other pairs of individuals non-
recombinant) and 59.5. In this application the total num-
ber of recombination events was used as an optimality
criterion; the aim is to find the map with the smallest
value of this criterion.

Marker selection is employed to obtain a framework
map to be used as a starting point for ordering al mark-
ers. The selection radius r plays a crucial role in the se-
lection process and the quality of the initial map for all
markers. Increasing the value of r has the following ef-
fects.

(1) Obvioudly, it leads to a reduction in the number of
markers in the framework map (Fig. 2a). For agiven val-
ue of r,, the number of selected markers varies alittle. As
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Fig. 1a—d Pre-mapping diag- a b
nostics for the Brassica data.
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a consequence, the size of the computational problem for
the framework map is reduced if the value of r is in-
creased. For 83 markers the possible number of marker
orderingsis equal to 2.0x10124, For ten markers, which is
obtained by setting r, approximately equal to 0.10, this
number is reduced to 1.8x106.

(2) The length of the map for the selected markers, e.g.
the total number of recombinations, becomes smaller
(Fig. 2b). The large drop in the number of recombina-
tions is mainly due to the presence of typing errors. In
our example the total number of recombinations for the
map involving al markers is equal to 248.5. For ry=0.1
the length of the map obtained for the selected markers
is reduced to about 150 recombination events.

(3) The selected markers are more evenly spaced
(Fig. 2c). For the map based on al markers the coeffi-
cient of variation of the number of recombinations be-
tween adjacent markers is more than 0.9; for the map
based on a selection of markers obtained with ry=0.1 this
valueisreduced to 0.3.

(4) If the value of rg isincreased, the initial map for all
markers becomes longer (Fig. 2d). Thisis due to the way

60 80 100 20 40 60 80 100

individual

in which the map for all markersis constructed, i.e. non-
selected markers are put in random order around the se-
lected marker they are associated with. It should be not-
ed that if the map for the selected markers is correct, the
increase in map length is only due to local imperfections.
If all markers are ordered in one go, the search window
consists necessarily of the map for all markers. By fol-
lowing the two-stage approach the optimisation process
is effectively reduced to a series of local searches with a
search window consisting of a small portion of the map,
one for each marker.

Our experience is that r,=0.1 is an appropriate value for
obtaining the initial set of markers. This initial set may
vary dlightly in size. For atypical run, details of the op-
timisation process are given in Fig. 3aand b. In this run
13 markers were selected; the total number of possible
marker orderings is equal to 3.1x109. The value of the
initial acceptance probability of upward steps, m, was
set equal to 0.25. This resulted in an initial value of
the parameter controlling the acceptance of steps with
negative values of ¢ egual to 18.6. The cooling control
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Fig. 2a—d The marker selec- a
tion process. a The number of
markers selected for construct-
ing the framework map versus
the selection radiusr,. b The
length (presented as the num-
ber of recombinations) of the
framework map versus the se-
lection radius rg. ¢ The coeffi-
cient of variation of distances
(the number of recombinations)
between adjacent markers on
the framework map versus the
selection radiusr,. d The initial
map length (presented as the
number of recombinations) for
all markers versus the selection
radiusry.
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{(number of recombinations)

.05 0.1

r0

parameter a was set equal to 0.1, while the chain length
was set equal to 1,000. The values given to 7 and a, as
well as the convergence criterion, actually determine the
total number of evaluations. In this case we based our
check of convergence on the number of times the actual
value of the criterion, i.e. the total number of recombina-
tions, is equal to the minimum value of the criterion en-
countered during optimisation. The map with the *best’
value of the criterion is also stored during optimisation.

If during ten chains no difference was found between
the actual value of the criterion and the best value en-
countered so far, the process was halted. In this case con-
vergence was obtained after 25 chains=25,000 evalua-
tions. It should be noted that the effort required to reach
convergence is in sharp contrast with the total number of
marker orders. It should also be noted that the map with
the minimum number of recombinations was aready
encountered after six chains=6,000 evaluations.

To illustrate the performance of the procedure for
mapping al markers we will continue the previous
example. The initial map has 451.5 recombinations. In

.05 0.1 0.15 0.2

r0

order to limit extensive excursions of markers during
optimisation, the initial value of y was set equa to 4.0.
The cooling control parameter a was set equal to 0.01.
Details are given in Fig. 3c and d. The map with the
minimum number of recombinations was encountered
after 351 chains=351,000 evaluations. In this case the
convergence criterion was set equal to 100. Optimisation
was halted after 1,388 chains, i.e. 1,388,000 evaluations.
In this case the two stages of the mapping process took
13 son a200 MHz Pentium I1.

Figure 4 shows the graphical genotypes of the 91 in-
dividuals based on the map obtained previously. It can be
noted that individual haplotypes mainly consist of long
stretches of contributions from one parent interchanged
with contributions from the other parent. Missing values
occur mainly as ‘singles and ‘doubles’, although one
‘string’ of five successive missing values occurs in indi-
vidual 78.

Due to the nature of the estimation procedure many of
the missing values are effectively non-missing. Missing
observations between two non-recombinant flanking



Fig. 3a—d Some details of the
optimisation process. a The op-
timality criterion (number of
recombinations) for the frame-
work map versus the chain
number; the solid line repre-
sents the current value of the
optimality criterion, the dashed
lines represent the ‘best’ value
of the optimisation criterion en-
countered so far. b The accep-
tance control parameter () for
the framework map versus the
chain number. ¢ The optimality
criterion (the number of recom-
binations) for the all-markers
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markers receive the value of the flanking markers with a
probability close to unity. Only missing observations be-
tween two recombinant flanking markers lead to varia-
tion between successive Gibbs samples.

In our application, we start with randomly assigning
0 sand 1 sto missing observations This leads to 234 re-
combinations. After a few Gibbs samples, the number of
recombinations is reduced to values between 144, the
minimum number of recombinations, and 149. A burn-in
period of 100 Gibbs samples is sufficient for this data.
The autocorrelation coefficient between the results of
successive Gibbs samplesis very small and alag of 10is
sufficient to guarantee successive samples to be uncorre-
lated. Five runs with a burn-in period of 100 followed by
100 samples taken every ten Gibbs samples produced av-
erage numbers of recombinations equal to 144.9, 145.0,
144.9, 145.1 and 144.9, indicating the low level of varia-
tion between different runs.

Missing-value imputation effectively leads to a new,
improved estimate of the expected number of recombi-

300 100 200

chain number

nations using all available information. This new esti-
mate can be used as a starting point for obtaining a new,
improved map. This can be repeated until convergence
is attained. After three cycles of simulated annealing
and Gibbs sampling, a map was found with an expected
number of recombinations equal to 143.1. This value
was not further improved in subsequent iterations.
Using Haldane's mapping function this is equivalent
to 168.0 cM.

Figure 5 shows posterior intervals for the current data.
This figure indicates that the effective number of markers
is much smaller than 83, i.e. locally many mapping orders
are equivalent, or nearly equivalent, with regard to varia-
tion in the data. Markers are clustered into approximately
15 “marker groups' . Figure 4 also indicates that positions
81, 82 and 83 are plausible positions for the markers
mapped on positions 74 and 75, but not for positions 76
up to 80. This needs further consideration.

Figure 6 shows a number of diagnostic plots that may
be useful to check the adequacy of the map obtained.



Fig. 4 Graphical genotypes for the Brassica data; rows represent
markers and columns represent individuals; white and grey repres-
ent contributions of the two parents, black represents missing ob-
servations

plausible map position

0 20 40 60 80

‘best’ map position

Fig. 5 Posterior intervals for the Brassica data; for each marker
represented by its ‘best’” map position (numbered 1 ... 83), plausi-
ble map positions are indicated

Figure 6a shows that there is no indication that markers
with a large number of missing observations end up
at one side of the map. However, in this application
the percentages of missing observations are quite small.
Figure 6b shows that the segregation ratio slowly rises
from 50% to 75% going from left to right on the map.
This may be due to a gene favouring one of the parental
haplotypes on the right-hand side of the map. Figure 6¢

shows that number of recombination events are evenly
spread across individuals. Large numbers of recombina-
tion events may be expected for individuals whose DNA
has been mixed-up in one way or another.

Discussion

The two-stage algorithm for genetic linkage mapping as
described in this paper is simple and straightforward. It
makes full use of the fact that markers are linearly or-
dered on chromosomes. In the algorithm all markers are
treated equally. Approaches, in which markers are se-
quentially added to the map according to some criterion,
e.g. the JoinMap algorithm (Stam 1993), run into com-
putational problems when maps become dense and ef-
fects of typing errors on the mapping order become seri-
ous. The random nature of the algorithm described in
this paper makes it possible to circumvent local optima,
many of which may exist in the case where the effects of
typing errors become serious. The two-stage approach
guarantees that we will get close to the global optimum.
This may be the reason that the simple cooling scheme
adopted in this paper worked well in practical applica-
tions. Even in the first stage of the algorithm when the
number of markersis small, simulated annealing is much
quicker than an exhaustive search of all possible marker
orders (Lander and Green 1987).

When the data are complete, all information about
crossing-over in backcross and (doubled) haploid popu-
lations is contained in the numbers of recombinations
between pairs of markers which can be calculated direct-
ly from the molecular-marker data. In F, populations
and full-sib families of outbreeding species molecular-
marker data are usually not completely informative with
regard to the numbers of recombinations between pairs
of markers (Maliepaard et al. 1997).

However, given the segregation types and observa-
tions, the Gibbs sampler can be used to calculate the ex-
pected numbers of recombinations between pairs of
markers, perhaps even for both parents separately. These
expected numbers can then be used in afirst iteration of
the mapping process. The map obtained from the first it-
eration can then be used to further improve conditional
expectations using the Gibbs sampler. In the current ap-
plication Gibbs sampling only involves counting integer
numbers of recombinations. In these situations most ob-
servations have to be treated as ‘missing’. As a conse-
guence, the efficiency of missing-data imputation needs
careful attention. In the current situation use can be
made of the fact that, if the recombination frequencies
with both flanking markers are smaller than 0.05, the
probability of a double recombination is very close to
zero.

Any mapping procedure must be accompanied by
tools for checking both data and results. For example, a
sub-division of the total number of recombinations or the
log-likelihood into individual contributions of plants
should be in line with expectations based on the underly-
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ing model. Computer simulation may be helpful in this
respect. The ‘posterior’ intervals for marker positions
provide information about the resolution the data provide
about the order into which the markers are put on the
map. They can also be useful in the design stage of map-
ping experiments. They can be applied to investigate the
effects of the numbers of plants, the distribution of mark-
ers and the typing errors on the resolution of maps. Seg-
regation ratios differing greatly from 50% may pose a
serious problem. Markers with similar segregation ratios
(different from 50%) will clump together on the map.
They may be produced by selection at the gametic or zy-
gotic level. They are often encountered in interspecific
crosses. For applications of maps in QTL analysis this
will not be a problem as QTLs will have the same segre-
gation ratios as closely linked markers. They may also be
the result of a failure in the process of data production.
Therefore, one must be sure that the latter possibility is
excluded.

The process of constructing ‘posterior’ intervals is
started from the ‘best’” map. The most important argu-

ment is that we want to find maps which athough not
‘best’ are very ‘plausible’ considering the variation in
the data. However, the ‘posterior’ intervals could be-
come too narrow. The reason is that we only allow jumps
involving one marker and by doing so are not able
to reach al ‘plausible’ maps starting from the ‘best’
map. Thus, if we start from ‘any’ map we would in
many cases end up in some loca optimum (‘absorbing
barrier’) and not be able to reach the ‘best’ map.
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